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Supersaturated superfluid 3He-4He liquid mixture, separating into the 3He-concentrated c-phase
and 3He-diluted d -phase, represents a unique possibility for studying macroscopic quantum
nucleation and quantum phase-separation kinetics in binary mixtures at low temperatures down to
absolute zero. One of possible heterogeneous mechanisms for the phase separation of supersaturated
d -phase is associated with superfluidity of this phase and with a possible existence of quantized
vortices playing a role of nucleation sites for the c-phase of liquid mixture. We analyze the growth
dynamics of vortex core filled with the c-phase and determine the temperature behavior of c-phase
nucleation rate and the crossover temperature between the classical and quantum nucleation
mechanisms.
PACS: 67.60.Q- Solutions of 3He in liquid 4He;
64.60.Q- Nucleation;
64.70.Ja Liquid-liquid transitions;
Key words: macroscopic quantum nucleation, supersaturated superfluid 3He-4He liquid mixture,
quantized vortex, heterogenous phase separation
A. Introduction
This year E.Ya. Rudavskii celebrates 80. Our meet-
ing with Eduard Yakovlevich has taken place about the
same time when the Department of Physics of Quantum
Fluids and Crystals has started the systematic exper-
imental study on the phase separation kinetics of su-
persaturated 3He-4He mixtures. This study has laid
the foundations for new field of physics, namely, macro-
scopic quantum nucleation or kinetics of first-type phase
transitions in condensed matter at temperatures so close
to absolute zero that the classical thermal-activation
phase-transition mechanism becomes completely ineffec-
tive. Under the influence of pioneer experiments and per-
sonal charm of Eduard Yakovlevich we, keen at that time
with the theory of macroscopic quantum tunneling and
the role of dissipative processes, have turned to the study
of the low-temperature phase-separation kinetics of liquid
3He-4He mixtures and the energy dissipation effects asso-
ciated mainly with the diffusion of impurity 3He atoms.
In 1969 during the study of degenerated 3He-4He liquid
mixtures there is demonstrated a possibility of preparing
the metastable state of supersaturated superfluid 3He-
4He liquid mixture in the lack of free liquid-vapor sur-
face [1]. For T <70 mK, there are obtained the long-lived
supersaturated liquid mixtures staying in the metastable
state for two and more hours. The experimental stud-
ies of phase separation kinetics in liquid 3He-4He mix-
tures have been started by Brubaker and Moldover [2]
and then continued in 80-ies [3–5]. The experiments were
performed in the high temperature T >0.5 K region and
the main attention was paid for the phase separation in
the vicinity of the tricritical point in the connection with
the type-II phase transition fluctuation theory develop-
ing rapidly those years. The experimental observations
have adequately been described within the framework of
the classical thermal-activation nucleation theory.
Later in the early 90-ies the study is started of the
phase separation kinetics of superfluid 3He-4He liquid
mixtures in the region of lower temperatures T <200 mK
with the aim of detecting the transition from the thermal-
activation phase-separation regime to the quantum un-
derbarrier one. There have been used new methods of
experimental study. One method, developed in Kharkov
in B.Verkin Institute for Low Temperature Physics and
Engineering, is based on a continuous change in the 3He
concentration directly in the course of experiment at con-
stant pressure and temperature due to varying the os-
motic pressure and fountain pressure. The variation rate
in the 3He concentration is usually about 10−4% per sec-
ond. The state of the liquid mixture is recorded by two
methods [6–10]. The acoustic method is based on the
sound velocity variation in the course of phase separa-
tion of liquid mixture and the capacitive one is based on
the measurement of dielectric permittivity. The jump-
like reduction in the 3He concentration, recorded simul-
taneously with the sound and capacitive methods, corre-
sponds to separating a metastable supersaturated liquid
mixture into two phases.
As is known, due to existence of the effects of osmotic
pressure and fountaining in a superfluid phase of liquid
3He-4He mixture the temperature inhomogeneity leads
readily to the pressure and concentration inhomogeneity.
To avoid the effect of this factor, the process of preparing
2a supersaturated liquid mixture should occur under in-
variable temperature and sufficiently slowly in order not
to set the 3He atoms in motion. Thus, employing the
dependence of the separation line on the pressure, the
authors of work [11] have proposed another scheme of
continuous pressure variation using a thin capillary (su-
perleak) through which the superfluid 4He component
alone can flow. This results in changing the pressure and
3He concentration in the experimental cell. In the course
of experiment the total 3He amount in the cell remains
unvaried. The rate of pressure variation is about 0.25
atm/hr, corresponding to the 4He flow as about a micro-
gram per second and as a concentration rate 6·10−6% per
sec. This is by a factor of 104–105 as compared with that
in the phase separation experiments on liquid mixtures
in the vicinity of the tricritical point. The final results of
the research and their discussion are given in work [12].
So far, the theoretical interest [13, 14] has mainly been
focused on the homogeneous mechanism of phase sepa-
ration in the supersaturated d -phase of liquid 3He-4He
mixture. In spite of careful analysis a scepticism has
remained. The possible mechanisms for inhomogeneous
phase separation of liquid mixture have not received a
proper attention. In particular, this concerns a possi-
bility of the presence of remnant quantized vortices and
an estimate of the crossover temperature for the thermal
and quantum regimes of phase separation.
Here we consider one of possible heterogeneous mech-
anisms for the phase separation in the supersaturated
d -phase of liquid 3He-4He mixture, which is associated
with superfluidity of d -phase and with possibility of ex-
istence of quantized vortices. The vortices, in its turn,
can play a role of nucleation sites for the c-phase of liq-
uid mixture. The idea goes directly back to works [15–17]
where the phenomenon was analyzed of 3He atom adsorp-
tion onto the quantized vortex core in superfluid He-II.
Unlike the previous works [18] dealing with the thermal-
activation nucleation mechanism alone, we here concen-
trate our attention on the growth dynamics of vortex core
filled with the c-phase and determine the nucleation rate
in the quantum region as well as the thermal-quantum
crossover temperature.
B. The quantized vortex structure in the saturated
3He-4He liquid mixture
Let us consider the structure, core radius and energy
of rectilinear vortex with one circulation quantum in the
saturated superfluid d -phase of liquid 3He-4He mixture.
It is well known that 3He atoms tend to be localized and
trapped with the vortex core. Below we analyze a simple
model with the rigid core for quantized vortex in the
saturated superfluid 3He-4He liquid mixture, assuming
the vortex core to be filled with the c-phase. Beyond
the vortex core of radius R the superfluid velocity Vs
at distance r from vortex line is subjected to equation:
Vs(r) = ~/m4r as a result of circulation quantization
∮
Vs dl = 2π~/m4.
The condition for equilibrium of d -phase in the bulk
requires the constancy of thermodynamic potentials and
temperature
Φ(P, T, Z, Vs) +
V 2s
2
= const ≡ Φ(P, T, Z)|r=∞ ,
Z(P, T, c, Vs) = const ≡ Z(P, T, c)|r=∞ ,
T = const ≡ T|r=∞ .
Here Φ = µ4/m4, potential Z = µ3/m3−µ4/m4 is conju-
gated to the mass 3He concentration, and µ3, 4 and m3, 4
are the chemical potentials and masses of 3He and 4He
atoms, respectively.
Using the known variations for the thermodynamic po-
tentials
δΦ =
δP
ρ
− σ δT − c δZ − ρn
ρ
δ
(
V 2s
2
)
,
δZ =
∂
∂c
(
1
ρ
)
δP − ∂σ
∂c
δT +
∂Z
∂c
δc− ρn
ρ
δ
(
V 2s
2
)
,
we find that the variations of concentration c and pres-
sure P are determined with the following equations
∂Z
∂c
∇c = − 1
ρ
∂ρs
∂c
∇V
2
s
2
, ∇P = − ρs∇V
2
s
2
. (1)
Let us put P , c and T for the magnitudes of pressure,
concentration and temperature far from the vortex at the
infinity r =∞. Next, while the pressure and concentra-
tion variations are small, i.e. δP ≪ P and δc ≪ c, we
find approximately
P (r)− P ≈ − ρs V
2
s
2
, (2)
c(r) − c ≈ − ∂ρs/∂c
ρ ∂Z/∂c
V 2s
2
.
As is seen from the last equation, the concentration
variation in the superfluid liquid mixture is completely
due to dependence of superfluid density ρs upon the
3He concentration. Since the condition for the ther-
modynamic stability of liquid mixture implies always
∂Z/∂c > 0 and the superfluid density reduces with the
growth of concentration, i.e. ∂ρs/∂c < 0, the
3He con-
centration enhances always in the regions with the larger
magnitudes of superfluid velocity. From the physical
point of view it is also evident from a possibility to reduce
the kinetic energy of the superfluid component ρsV
2
s /2
with decreasing the superfluid density. The pressure re-
duction with the growth of superfluid velocity can be
ascribed to the role of the Bernoulli pressure.
In a dilute unsaturated liquid mixture we have
∂Z
∂c
≈ T
m3c
.
3This gives the known [15] Boltzmann concentration dis-
tribution c(r) = c exp(−Ueff/T ) with the effective attrac-
tive potential
Ueff(r) =
∂ρs/∂c
ρ
· m3V
2
s (r)
2
.
This distribution can only be justified for the distances
provided that the 3He concentration does not exceed the
magnitudes corresponding to the condition of nondegen-
eracy
TF ∼
~
2
2m3
(
ρc
m3
)2/3
≪ T.
For the smaller distances or in the degenerate liquid
mixture, the growth of concentration occurs slower and
power-like. For the more realistic estimate of the concen-
tration behavior at the close distances to the vortex core,
it is necessary to know the detailed behavior of quantities
Z = Z(P, c, V 2s ) and ρs = ρs(P, c, V
2
s ).
Note that the 3He concentration in the d -phase, in any
case, cannot exceed magnitude cλ corresponding to the
λ-line at which the superfluid component density ρs van-
ishes or the magnitude csp corresponding to the spinodal
line at which the derivative ∂Z/∂c = 0 and the d -phase
becomes absolutely unstable. These conditions restrict
the minimum size of vortex core. Emphasize that the
concentration is cλ > csp at the temperatures below the
tricritical point temperature Tt and, on the contrary, at
T > Tt the λ-line lies ahead of the spinodal and the
transition to the c-phase occurs continuously in concen-
tration. Accordingly, we can expect the distinctions in
the vortex structure at temperatures above and below
the tricritical point temperature, namely, the concentra-
tion discontinuity at a vortex radius if T < Tt and the
continuous variation with a kink at the vortex radius if
T > Tt.
For the temperature region T > Tt, when the phase
separation of liquid 3He-4He mixture does not take place
but only the d -to-c phase transition occurs at some tem-
perature and pressure-dependent concentration cλ, the
vortex core radius can grow infinitely as the liquid mix-
ture concentration c approaches the cλ one. In fact, for
radius Rλ where the
3He impurity concentration reaches
the magnitude cλ, we have c(Rλ) = cλ(P (Rλ)). Accord-
ing to Eq. (2)
cλ
(
P − ρsV
2
s
2
, V 2s
)
= c− ∂ρs/∂c
ρ ∂Z/∂c
V 2s
2
or approximately on the account of the λ-line dependence
on the pressure and superfluid velocity, we arrive at
cλ(P )− ρs dcλ
dP
V 2s
2
− ∂ρs/∂V
2
s
∂ρs/∂c
V 2s = c−
∂ρs/∂c
ρ ∂Z/∂c
V 2s
2
.
Hence we find
Rλ =
m4
(
− ∂ρs/∂cρ ∂Z/∂c + ρs dcλdP + 2
∂ρs/∂V
2
s
∂ρs/∂c
)1/2
2
√
2 ~(cλ − c)1/2
−→∞
as c→ cλ.
In order to realize the vortex of large core radius below
the tricritical point temperature Tt, one should have the
impurity concentration close to that at the spinodal. In
other words, the liquid 3He-4He should already be super-
saturated, i.e. it should be in the metastable region. As
will be seen below, the presence of a vortex, playing a role
of nucleation site, prevents from achieving the highly su-
persaturated state of the d -phase. Thus, the vortex core
radius remains finite and cannot exceed some maximum
value, starting from which the vortex becomes absolutely
unstable against the core expansion. This entails the
phase separation of a liquid mixture.
In the d -phase the above distinctions and specific fea-
tures in the vortex core behavior as a function of tem-
perature and concentration could be observed with the
aid of second sound. The second sound absorption is
very sensitive to the presence of the c-phase, allowing us
to detect the variation in the total volume of the nor-
mal c-phase in vortices under varying the liquid mixture
concentration.
C. Energy of nucleation on a vortex
First, we find the energy of rectilinear vortex in the d -
phase close to saturation. As a liquid mixture separates,
the vortex core is progressively filling with the normal c-
phase playing a role of a nucleus of new phase. We need
to know the energy of the system as a function of vortex
core radius R. In equilibrium the thermodynamical po-
tentials and temperature of the normal c-phase obey the
following requirements:
Φ′(P ′, Z ′, T ′) = const,
Z ′(P ′, c′, T ′) = const and T ′ = const.
This yields the ordinary conditions: c′(r) = const and
P ′(r) = const.
The boundary conditions at the vortex core r = R,
usual for the equilibrium between two phase, imply an
equality of thermodynamical potentials, temperatures,
and pressures involving the Laplace pressure:
Φ′(P ′, Z ′, T ′) = Φ(P,Z, T, Vs) +
V 2s
2
≡ Φ(P,Z, T, Vs = 0)|r=∞ ,
Z ′(P ′, c′, T ′) = Z(P, c, T, Vs) ≡ Z(P, c, T, Vs = 0)|r=∞ ,
T ′ = T and P ′ = P (R) + α/R. (3)
The surface tension coefficient α = α(P ′ − P, c′ − c),
in general, depends on a difference of the pressures and
concentrations at the interface. For brevity, we omit the
notation for temperature.
Let us denote the impurity concentration far from
the vortex at r = ∞ as c = cps(P ) + ∆c and, cor-
respondingly, impurity concentration inside the core as
c′ = c′ps(P ) + ∆c
′. Here cps(P ) and c
′
ps(P ) are the
43He impurity concentrations at the phase separation line.
Assuming ∆c ≪ cps(P ) and ∆c′ ≪ c′ps(P ) as well as
δP = α/R + P (r = R) − P to be small, we expand
Eqs. (3) in deviations
Φ′(P, c′ps(P )) +
1 + β′
ρ′
∆P − c′ ∂Z
′
∂c′
∆c′
= Φ(P, cps(P ))− c ∂Z
∂c
∆c,
and
Z ′(P, c′ps(P ))−
β′
ρ′c′
∆P +
∂Z ′
∂c′
∆c′
= Z(P, cps(P )) +
∂Z
∂c
∆c,
where coefficients β and β′ are defined as usual
β =
c
ρ
∂ρ
∂c
and β′ =
c′
ρ′
∂ρ′
∂c′
.
Hence we arrive readily at the deviations of concentration
and pressure from their equilibrium magnitudes inside
the vortex
∆P = ρ′
(
c′ps(P )− cps(P )
)
∂Z
∂c
∆c,
∆c′ =
[
1 + β′
(
1− cps(P )
c′ps(P )
)]
∂Z/∂c
∂Z ′/∂c′
∆c.
Thus, if d -phase is saturated (∆c = 0), the impurity
concentration inside the core is equilibrium c′ = c′ps(P ).
Introducing the imbalance between the phases
∆Φ = [c′ps(P )− cps(P )]
∂Z
∂c
∆c,
we arrive at the equation determining the core radius R:
∆P ≡ α/R+ P (R)− P = ρ′∆Φ.
To find pressure P (R), we involve the behavior of su-
perfluid density ρs as a function of P , c, V
2
s and use
relations (1). Then we have
∇ρs = ∂ρs
∂P
∇P + ∂ρs
∂c
∇c+ ∂ρs
∂V 2s
∇V 2s = −ρsB∇
V 2s
2
,
where B is equal to
B =
ρs
ρ
(∂ log ρs/∂c)
2
∂Z/∂c
+
∂ρs
∂P
− 2 ∂ log ρs
∂V 2s
,
and the superfluid density is approximately given with
the following equation:
ρs(r) = ρs
(
1−B V
2
s (r)
2
)
.
From ∇P = −ρs(r)∇(V 2s /2) we find the pressure
P (r) = P − ρsV
2
s (r)
2
+ ρsB
V 4s (r)
8
+ . . .
Accordingly, core radius R satisfies
−ρ′∆Φ+ α
R
− ρsV
2
s (R)
2
+ ρsB
V 4s (R)
8
+ . . . = 0
or
−ρ′∆Φ+ α
R
− ρs ~
2
2m24R
2
+ ρsB
~
4
8m44R
4
+ . . . = 0.
Multiplying it with 2πR and integrating over R, we ob-
tain the energy U(R) per unit length for a c-phase nu-
cleus in the form of quantized vortex
U(R) = −ρ′∆ΦπR2 + 2παR+ ρs π~
2
m24
ln
L
R
+
∂α
∂c
∂ρs/∂c
ρ∂Z/∂c
π~2
m24
1
R
− π~
4
m44
ρs
B
8
1
R2
+ . . . (4)
Here surface tension α is assumed to be only depen-
dent on the 3He impurity concentration at the c-d inter-
face but a possible pressure and core radius dependence
is neglected. The length L is a usual cutoff one for a
vortex. The origin for the terms in the vortex energy is
obvious. Note only that the third and fifth terms arise
wholly from the kinetic energy of superfluid component
(1/2)
∫
ρs(r)V
2
s (r) d
2r. In essence, equation (4) repre-
sents an expansion of linear energy of a nucleus in its
inverse radius [19].
D. Thermal and quantum nucleation rate on the
vortex. The crossover temperature to the quantum
regime
We consider here the quantum nucleation rate of c-
phase on the vortex at zero temperature and the thermal-
quantum crossover temperature in nucleation. First of
all, it is necessary to understand the behavior of potential
nucleus energy U(R). To simplify and to obtain the clear
analytical formulae, we restrict ourselves with the three
first terms of expansion in equation (4)
U(R) = −ρ′∆ΦπR2 + 2παR + ρsπ~
2
m24
ln
L
R
.
5FIG. 1: The behavior of potential energy U as a function of vortex core radius R in the various ranges of imbalance ∆Φ.
As is seen from Fig. 1, energy U(R) as a function of im-
balance ∆Φ has a various behavior and a different num-
ber of extrema depending on the vortex core radius. For
unsaturated (∆Φ < 0) liquid mixture, there is a single
extremum and the corresponding vortex state is abso-
lutely stable (Fig. 1a). Within the intermediate imbal-
ance range 0 < ∆Φ < ∆Φcr there are two extrema in the
potential energy (Fig. 1b) as a function of core radius at
R±
R0
=
2
p
(
1±
√
1− p
)
,
R0 =
~
2ρs
2αm24
, p =
∆Φ
∆Φcr
. (5)
Here R0 is the core radius in the saturated liquid mixture
∆Φ = 0. For the imbalance larger than the critical one
ρ′∆Φcr =
α
4R0
=
α2m24
2ρs~2
, (6)
there are no extrema (Fig. 1d). This entails an appear-
ance of the line of absolute instability. In other words,
vortices which sizes exceed Rcr = 2R0 become unstable
against vortex core expansion and the phase separation of
a liquid mixture proves to be unavoidable. Hence, only
for the imbalance range 0 < ∆Φ < ∆Φcr correspond-
ing to R0 < R < 2R0, we observe the metastable state
which can be destabilized as a result of thermal or quan-
tum fluctuations depending on the temperature. These
specific features are well evident in Fig. 2.
Such behavior of nucleus energy as a function of nu-
cleus size and imbalance differs in kind from the case of
homogeneous nucleation of spherical drop. The point is
that there is a competition of two opposite factors in the
presence of a defect similar to vortex. If, for instance, a
nucleus grows, the contribution associated with the sur-
face tension increases and the other due to effect of a
defect decreases. For negative and small positive ∆Φ,
these two contributions result in the minimum for the
potential energy (Figs. 1a and 1b). On the contrary, if
the imbalance is large and the critical nucleus is small,
the effect of surface tension is small as well. Then, for
FIG. 2: The diagram for the equilibrium between vortex line
and superfluid 3He-4He liquid mixture. Here R is the vortex
core radius and ∆Φ is the imbalance of a liquid mixture.
∆Φ > ∆Φcr, the total energy is determined, in the first
turn, with the terms decreasing gradually and, therefore,
has neither minimum nor maximum. This results in the
unstable state. All these features, involving the similar
phase diagrams R—∆Φ hold for other defects [20], e.g.
for a charged ion which influence decays with the distance
together with electric field.
At the first sight, due to existence of critical value
∆Φcr one may expect that the phase separation of a liq-
uid mixture with the quantized vortex will occur at the
same magnitude of imbalance in all experiments. How-
ever, the process of phase separation can take place in
the metastable region 0 < ∆Φ < ∆Φcr before the crit-
ical imbalance is achieved. Since the phase separation
of metastable state is a random process described with
some probability and dependent on imbalance, the ex-
perimental magnitudes acquire some dispersion around
certain magnitude ∆Φ < ∆Φcr. This magnitude and
dispersion of data depend both on the decay probability
and on the rate of varying the liquid mixture imbalance
in experiment.
6For the high temperatures, the nucleation rate, deter-
mined as a nucleation probability per unit time at one
nucleation site, is governed with the usual Arrhenius for-
mula for thermal fluctuations
Γcl = ν exp(−UL/T )
where ν is the frequency of attempts. The activation
energy UL for a vortex of length L is expressed as UL =
L∆U0 with ∆U0 = U(R+) − U(R−) determined from
the difference between the maximum and the minimum
of energy U(R) (Fig. 2b):
∆U0
2παR0
=
2
p
√
1− p− ln 1 +
√
1− p
1−√1− p
=


4
3 (1− p)3/2 for p→ 1,
2
p − ln 4p for p→ 0.
It is seen that the nucleation rate enhances drastically
as p = ∆Φ/∆Φcr → 1 due to vanishing the potential
barrier.
As the temperature approaches absolute zero tempera-
ture, the quantum fluctuations become predominant. To
estimate the quantum nucleation rate, we employ the
theory of quantum nucleation in the two-dimensional sys-
tems [21]. Within the exponential accuracy we estimate
the zero-temperature nucleation rate as
Γq = νq exp(−AL/~).
Here νq is the attempt frequency and AL = AL is the
doubled underbarrier action for vortex length L where A
is the quantity per unit length of a vortex.
To calculate the quantum probability, it is necessary
to estimate the effective mass of the expanding vortex
core. We treat the boundary conditions at the vortex
core surface r = R(t) as for the boundary between two
different phases. First of all, we have a conservation for
the radial component of mass flow across the boundary
−ρ′R˙ = r(R)− ρR˙,
 = ρnVn + ρsVs.
Here we assume that the c-phase of density ρ′ in the
vortex core is at rest (V ′ = 0). The second condition is
a continuity for the tangential component of momentum
flux density tensor Πik
Π′θ r −  ′θR˙ = Πθ r − θR˙,
where for the superfluid phase
Πik = ρnVn iVn k + ρs iVn iVs k + Pδik.
Accordingly, we have
ρnVn θ(Vn r − R˙) + ρsVs θ(Vs r − R˙) = 0.
Treating the normal component of superfluid d -phase as
a liquid with the properties of an ordinary viscid fluid,
we should require an equality of tangential components
for the velocities of adjacent fluids. Then we have
Vn θ(R) = V
′
θ (R) = 0.
From the above three equations we find the magnitudes
of velocities at the boundary r = R(t)
Vs r(R) = R˙,
Vn r(R) = −
ρ′ − ρn
ρn
R˙,
Vn θ(R) = 0.
As is seen, the mass transfer across the surface of the ex-
panding vortex core is connected with the normal com-
ponent flow alone.
On the neglect of the compressibity of a liquid mixture
the distribution for the radial components of superfluid
and normal velocities is equal to
Vs r(r) = Vs r(R)R/r,
Vn r(r) = Vn r(R)R/r , r > R(t).
In the logarithmic quasistationary approximation and on
the analogy with the two-dimensional nucleation [21] we
can estimate the kinetic energy of the expanding vortex
core as
2πρeffR
2 ln
Λ(R)
R
R˙2
2
=
1
2
M(R)R˙2
with the following effective density ρeff
ρeff = ρs +
(ρ′ − ρn)2
ρn
. (7)
The cutoff parameter Λ(R) is of the order of the sound
velocity multiplied with the typical time of the core ex-
pansion Λ(R) ≈ seff τ(R). Since there are two sound
velocities in the superfluid liquid mixture, velocity seff
is some weighted average of first and second sound ve-
locities. In other words, length Λ(R) is an effective size
of sound propagation region for the time of the under-
barrier nucleation evolution, i.e., size of the perturbed
medium surrounding the nucleus. Here we do not con-
sider possible energy dissipation effects due to viscosity
and diffusion in the process of vortex core growth.
So, action A is calculated between the classical turning
points in the potential ∆U(R) = U(R)− U(R−) as
A = 2
∫ Rc
R−
√
2M(R)∆U(R)dR (8)
where Rc is the exit point from the barrier U(Rc) =
U(R−). Since the logarithm is a slowly varying function,
for our aim it is sufficient to estimate the growth time of
a nucleus as follows:
τ ≈
(
M(R)R2
2U(R)
)1/2
R≈Rc
.
7The analytical expressions for the effective action are
succeeded to obtain for the two limiting cases. For the
small degree of imbalance p = ∆Φ/∆Φcr ≪ 1, the con-
tribution to the vortex energy, associated with the super-
fluid motion, plays a minor role and the effective action
is mainly governed with the magnitude of the surface
tension:
A(T = 0) =
32
√
2π2
p5/2
(
αρeffR
5
0 ln
s2efR0
αp
)1/2
∝ (∆Φ)−5/2 ln1/2(∆Φ)−1.
The quantum critical radius Rc exceeds significantly the
core radius R0 in a weakly supersatured liquid mixture
Rc =
2α
ρ′∆Φ
=
8R0
p
≫ R0.
The typical time of nucleus growth reads
τ(Rc) ≈
(
ρeffR
3
c
8α
)1/2
∝ (∆Φ)−3/2.
Let us turn to the other limit p = ∆Φ/∆Φcr → 1.
In this case the imbalance is close to the line of abso-
lute instability when the potential barrier, separating two
states, vanishes. In this case, as usual, the potential bar-
rier can be approximated with a cubic parabola
∆U(R)
2παR0
=
√
1− p
(
R−R−
R−
)2
− 1
3
(
R−R−
R−
)3
.
As p → 1, the distance between the points of entrance
R− and exit Rc reduces to
Rc −R− = 3R−
√
1− p
but the growth time of a nucleus increases
τ ≈
(
8ρeffR
3
0
α
√
1− p
)1/2
.
With the help of Eq. (8) the action per unit length can
be estimated as
A =
192π
5
(1 − p)5/4
(
αρeffR
5
0 ln
8s2eff ρeffR0
α
√
1− p
)1/2
.
Thus, effective action vanishes with approaching to the
instability. Accordingly, the probability of quantum nu-
cleation grows drastically.
The next important point in the low temperature ki-
netics is a crossover temperature Tq between the quan-
tum and classical nucleation regimes. A simple estimate
for Tq can be obtained from comparing the classical and
quantum actions under assumption νq ≈ ν. So,
Tq = ~UL/AL.
Hence we have in the limit of small p = ∆Φ/∆Φcr ≪ 1
imbalance
Tq =
p3/2
8
√
2π
(
α~2
ρeffR30 ln[s
2
eff ρeffR0/(αp)]
)1/2
. (9)
In this region of imbalance the crossover temperature
grows as the imbalance enhances.
On the other hand, as the imbalance tends to the criti-
cal value, i.e. 1−p≪ 1, the crossover temperature starts
to reduce according to relation
Tq =
5
72
(1− p)1/4
(
α~2
ρeffR30 ln[8s
2
eff ρeffR0/(α
√
1− p)]
)1/2
.
(10)
FIG. 3: The various types of the c-phase nucleation onto
a quantized vortex in a supersaturated 3He-4He liquid mix-
ture. The solid line shows the thermal-quantum crossover
temperature. The dashed line is the spinodal, separating the
metastable states from absolutely unstable ones.
The total behavior for the crossover temperature Tq
as a function of imbalance is shown in Fig. 3. Note
here that the crossover temperature maximum Tq,max is
shifted in the direction to the line of absolute instability.
Another specific feature, apparently, inherent in all tran-
sitions near the spinodal, is that the nucleation mecha-
nism becomes again the thermal one instead of quantum
as a function of supersaturation ∆Φ or imbalance degree
[20] in the intermediate vicinity to the line of absolute
instability (spinodal). This takes place though the tem-
perature is less than Tq,max. For a rectilinear vortex, the
crossover temperature Tq is naturally independent of its
length.
We do not consider here the effect of dissipative phe-
nomena on the nucleation rate of c-phase nucleus at the
quantized vortex core, which can be associated with vis-
cosity, impurity 3He diffusion, and impossibility of using
the quasistationary approximation for rectilinear vortex.
In principle, one can here distinguish the hydrodynam-
ical and ballistic regimes of nucleus growth. However,
for the region of supersaturation close to critical value, a
possibility of hydrodynamical Rc ≫ l(T ) regime, where
8l(T ) is the mean free path of excitations in a liquid mix-
ture, is unlikely in the quantum nucleation region since
the quantum vortex core radius Rc in the nucleus growth
does not exceed several vortex core radii R0 in the sat-
urated liquid mixture (about a few tens of angstrom).
For the ballistic Rc ≪ l(T ) regime, one can suppose that
the friction coefficient is directly proportional to the core
area. Accordingly, the friction coefficient per unit length
is µ(R) ∝ R. In the viscous M(R)τ−1(R) ≪ µ(R) limit
a simple estimate gives
Tq ≈ α~
2R0 µ(2R0)
√
1− ∆Φ
∆Φcr
, ∆Φ→ ∆Φcr ;
A(T < Tq) ≈ 2π
(
1− ∆Φ
∆Φcr
)
(2R0)
2µ(2R0)
(
1− T
2
3T 2q
)
and in the other ∆Φ≪ ∆Φcr limit
Tq ≈ 2πα~
µ(Rc)Rc
∝ (∆Φ)2, Rc = 2R0, (∆Φ≪ ∆Φcr) ;
A(T < Tq) ≈ µ(Rc)R2c ∝ (∆Φ)−3.
Comparing these formulae with the previous ones, it
is seen that the qualitative character for the behavior
of effective action A(T ) and crossover temperature Tq re-
mains unchanged as a function of imbalance ∆Φ. The di-
agram Tq–∆Φ conserves its shape in kind (Fig. 3) though
the quantum nucleation region reduces and the thermal
activation region increases beside the instability line.
E. Rapid nucleation line and the numerical
estimates.
Below we discuss some consequences from the equa-
tions above and perform the numerical estimates con-
nected with the c-phase nucleation on a quantized vortex
in the supersaturated superfluid 3He-4He liquid mixture.
First, we analyze in kind the possible positions of the
rapid nucleation line in the T –∆Φ diagram of nucleation
regimes. The rapid nucleation line exists also as in the
case of homogeneous nucleation of spherical drops [13, 14]
due to very drastic dependence of nucleation rate on the
imbalance. The rapid nucleation line separates the re-
gion where the nucleation rate is practically zero and su-
persaturated liquid mixture does not separate infinitely
long on the time scale of experimental period from the
region where the phase separation occurs almost instan-
taneously.
After preparing the metastable state 0 < ∆Φ < ∆Φcr
at temperature T the liquid mixture separates eventu-
ally for the expectation time τobs. Thus the nucleation
probability is approximately equal to unity
W (∆Φ, T, τobs, Nnuc) ≡ τobsNnuc Γ(∆Φ, T ) = 1. (11)
Here Γ stands for either Γcl or Γq in the correspondence
with the temperature range and Nnuc is the number of
nucleation sites. Equation (11) determines the rapid nu-
cleation line ∆Φsat(T ) in diagram T –∆Φ. This corre-
sponds to the experimentally achievable supersaturation.
For the nucleation probability, we have
W = τobsNnucνe
−A(∆Φ,T )/~
=
{
τobsNnucνcl exp(−UL(∆Φ , T ) if T > Tq(∆Φ),
τobsNnucνq exp(−AL(∆Φ , T ) if T < Tq(∆Φ).
Hence one can see that the position of the rapid nucle-
ation line depends on the temperature, the number of
nucleation sites, and the rate of sweeping the liquid mix-
ture imbalance. Since the shape of potential energy U(R)
depends strongly on the closeness to the instability line,
the effect of the sweep rate on the position of the rapid
nucleation line here is more essential as compared with
the case of homogeneous nucleation.
Depending on the expectation time τobs and the num-
ber of nucleation sites, one can discern two opposite cases
in the position of the rapid nucleation line in the T –∆Φ
diagram (Fig. 4). The first case is restricted with the
inequality
ln(ντobsNnuc)≫ 32
√
2π2
(
αρeffR
5
0L
2
~2
ln
s2effρeffR0
α
)1/2
(12)
and corresponds to the limit of low nucleation rates Γ.
This corresponds to the large lifetime of a supersaturated
liquid mixture against the decay channel considered. In
this case (Fig. 4a) the rapid nucleation line lies far from
the instability line and ∆Φsat ≪ ∆Φcr. Therefore, the
existence of the instability line has no significant effect
on the nucleation kinetics. In the classical thermal acti-
vation region the attainable supersaturation is strongly
temperature-dependent according to ∆Φsat ∝ 1/T . In
the quantum T < Tq region the attainable supersat-
uration is almost independent of temperature. Corre-
spondingly, the crossover temperature Tq, proportional
to (∆Φsat)
3/2, is significantly smaller than the maximum
crossover temperature Tq,max.
FIG. 4: The schematic for the rapid nucleation lines (solid
lines): (a) for low nucleation rates Γ and large expectation
time τobs, (b) for high nucleation rates Γ and small expecta-
tion time τobs.
For the opposite case of high nucleation rates when in-
equality (12) is invalid, the existence of instability affects
9essentially the position of the rapid nucleation line at suf-
ficiently low temperatures (Fig. 4b). As the temperature
lowers, the rapid nucleation line should closer approach
the instability line since the smallness of potential barrier
can compensate a decrease of temperature in the classi-
cal exponent, providing us the high nucleation rates. As
a result, in the thermal activation regime the tempera-
ture behavior for the attainable critical supersaturations
should go over from drastic ∆Φsat ∝ 1/T to the smoother
one
∆Φsat = ∆Φcr
(
1− (T/T∗)2/3
)
in the low temperature region if T . Tq,max. Here T∗
is some typical temperature which can be determined
from Eq. (11) with the classical exponent at p → 1.
From the experimental point of view this distinctive fea-
ture, associated with the closeness to instability, can de-
liver some trouble in determining the crossover tempera-
ture between the classical and quantum regimes, imitat-
ing the genuine crossover with the transition to almost
temperature-independent behavior for the observable im-
balance of a liquid mixture.
Another specificity is associated with the presence of
two regions for the thermal activation regime at various
∆Φ for the same temperature T < Tq,max (Fig. 3). How-
ever, as is seen from Fig. 3a and 3b, the observation of
such reentrant behavior is impossible under the fixed nu-
cleation rate Γ. To do this, it is necessary to vary any
parameter in equation (11), e.g. the number of nucle-
ation sites Nnuc. In liquid
3He-4He mixture this can be
done with introducing vortices intentionally before the
start of the phase separation process in the d -phase of a
liquid mixture.
Let us turn to the numerical estimates of the results
obtained. We start from the calculation of the criti-
cal value ∆Φcr which plays a key role in comprehending
the phase separation in a superfluid liquid mixture with
quantized vortices. As for the surface tension, we take the
magnitude for the flat interface between the bulk phases
of liquid mixture at zero pressure α =0.0239 erg/cm2
[22]. Using simplest estimates (5) and (6), we find
ρ′∆Φcr ≈0.011 bar and, correspondingly, Rcr =12.7 A˚. A
relatively large critical vortex core justifies an applicabil-
ity of macroscopic approximation to some extent. On ac-
count of estimating the derivative ∂Z/∂c ≈0.9·108 erg/g
for the limiting critical value of saturation responsible
for the vortex core instability, we arrive at ∆xcr =(1.9–
2.0)% [19]. Thus the estimate agrees with that obtained
in work [18].
Expansion (4) in the inverse core radius involves the in-
homogeneous distribution of concentration, pressure and
superfluid density in the d -phase. However, the effect
of these terms proves to be small and counts about 5%.
If we neglect the contribution associated with coefficient
B in (4), putting B = 0, and expecting the order-of-
magnitude estimate of ∂α/∂c ≈ α, we find somewhat
smaller but the close value for the limiting supersatu-
ration ∆xcr =1.80%. This is connected with the rel-
atively large critical core radius. Note also that value
Rcr =12.7 A˚ correlates with the core radius Rsp ≈12.5 A˚
calculated under assumption that the 3He concentration
at the core boundary corresponds to the spinodal of the
bulk d -phase and equals xsp ∼16%.
The important characteristic for nucleation kinetics is
the thermal-quantum crossover temperature Tq. To es-
timate the latter, it is necessary to know the effective
density ρeff (7) which proves to be approximately equal
to ρeff ≈ 2.2ρs at the phase separation line and lies
within the range 0.23 – 0.40 g/cm3. The highest possi-
ble crossover temperature Tq,max can be estimated either
from (9) at p = 1 or from (10) at p = 0.5. This results in
relatively small temperatures T 6 Tq,max .2.3 mK nec-
essary for a possible observation of quantum nucleation.
To conclude, we have analyzed the c-phase nucleation
in the supersaturated d -phase when a quantized vor-
tex plays a role of nucleation site. Though the maxi-
mum possible supersaturation of the d -phase in the pres-
ence of vortices proves to be in the almost satisfactory
agreement with the observable magnitudes of supersat-
uration, the estimate for the crossover temperature to
the quantum nucleation regime is rather small as com-
pared with the temperature at which the transition in
temperature behavior is observed for the critical super-
saturation ∆xcr of a liquid mixture. Varying the values
of physical parameters in order to increase Tq,max, we
have an enhancement of the maximum attainable con-
centration at which the vortex core instability occurs.
Then the agreement with experiment becomes worse in
this parameter. So, the assumption about the heteroge-
neous phase-separation mechanism in a supersaturated
superfluid 3He-4He liquid mixture with quantized vor-
tices as nucleation sites, apparently, cannot describe the
experimentally observed picture of phase separation on
the whole.
An obstacle for quantitative comparison arises from
the exponential behavior of nucleation rate. In such sit-
uation from the experimental point of view it would be
useful to study the effect of the number of nucleation
sites on the phase separation of a liquid mixture under
the planned and controlled introduction of quantized vor-
tices into the d -phase. One of possibilities is an experi-
ment in a rotating cryostat and the study of the phase
separation rate of liquid mixture as a function of rotation
velocity. Since in the limit of small density of vortices the
nucleation rate is proportional to the number of vortex
lines, the observable nucleation rate should also be pro-
portional to the rotation velocity.
For the large rotation velocities, especially when the
spacing between the vortex lines is comparable with the
core sizes, the critical value of supersaturation ∆Φcr and
the potential barrier, separating the metastable state
from unstable, are strongly suppressed. Accordingly, the
phase separation rate of a liquid mixture should dras-
tically grow in the limit of high rotation velocities. In
addition, due to difference in the centrifugal energy of
3He and 4He atoms the spatial 3He distribution becomes
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inhomogeneous over the bulk of a rotating fluid, facilitat-
ing the reduction of the critical supersaturation ∆Φcr. In
any case it is known that the 3He impurities strongly af-
fect the process of nucleating the quantized vortices in
superfluid 4He.
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